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Body–Vortex Interaction, Sound Generation,
and Destructive Interference
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It is generally recognized that the interaction of vortices with downstream blades is a major source of noise
production. To analyze this problem numerically, a two-dimensional model of inviscid � ow, together with the
method of matched asymptotic expansions, is proposed. The method of matched asymptotic expansions is used to
match the inner region of incompressible � ow to the outer region of compressible � ow. Because of incompressibility,
relatively simple numerical methods are availableto treat multiple vortices and multiple bodies of arbitrary shape.
Disturbances from these vortices and bodies propagate outward as sound waves. Because of their interactions,
either constructive or destructive interference may result. When it is destructive, the combined sound intensity
can be reduced, sometimes substantially.

Introduction

I NTERACTION of rotor tip vortices with downstream stators
or other blades is commonly regarded as an important source

of noise production.1¡3 Although it is dif� cult to separate vortices
from other secondary � ow effects, the notion that vortices play an
important role is generallyaccepted.To make the problemtractable,
a two-dimensional model with rectilinear vortices in an inviscid
� ow is proposed. The cases to be considered are a moving vortex
interacting with a single body (blade) and with several bodies and
severalmoving vortices interactingwith severalbodies.Because the
trailing-edge condition will be imposed, wakes behind the blades
are expected to occur.

The main assumptionmade here is that the bodies must be acous-
ticallycompact. In otherwords, the Mach numbermust be relatively
low. This enables us to use the method of asymptotic expansions to
match the inner solution, which is incompressible, with the outer
solution, which is compressible and satis� es the acoustic equation.
Because several bodies may be present, both constructive and de-
structive interferenceof sound waves from neighboringbodies have
to be considered.By manipulationof the interference, it is possible
to achieve pressure attenuation and reduce sound intensity.

Under the assumption of low Mach number, the characteristic
length of the body is, in general, much smaller than the acoustic
wavelength, which implies that the compactness ratio is small and
the � ow in the vicinity of the body is not wavelike. Dowling and
Ffowcs Williams4 stated that all acoustic motions in the vicinity
of a singularity are solutions of Laplace’s equations. In the present
investigation, a body is represented by surface vorticity elements.
Therefore, the inner region surrounding the body is incompressible
and is governed by the Laplace equation.Disturbancesgenerated in
this region propagate outward as acoustic signals. Thus, the outer
region is compressible and governed by the acoustic equation.

Since the pioneerwork of Lighthill, the acousticanalogyhas been
the basis of other methods. For low Mach number � ows, Crow’s
discussion5 showedrigorouslythat sourceterms in theacousticanal-
ogy can be separatedfrom the acoustic far � eld, and these terms are
the incompressible part of the near � eld. Since then, using asymp-
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totic matching to solve aeroacoustic problems in low-speed � ows
has been conducted recurrently.6¡13 In these studies, if a body is
present, it is usually of simple shape and amenable to conformal
mapping. Here, this method is broadenedto includemultiple bodies
of arbitrary shape. With this extension, interference of neighboring
bodies can be studied.

The timescaleforblade–vortexinteractionis of theorderof NL= NU0,
where NL is the length of the body and NU0 is the freestream velocity.
In this time interval,an acousticwave has propagatedto the distance
of NL=M0, which is much larger than NL as M0 , the freestream Mach
number, approaches to zero. Thus, there are two disparate lengths,
an indication of a singular perturbationproblem.14

The advantage of this approach lies mostly in the inner region,
where incompressible solutions for several bodies can be obtained
readily by a number of numerical methods. The method chosen
here is Martensen’s surface vorticity method. This method, which
has been thoroughly investigated by Lewis,15 is convenient for the
present purpose because the surface is replaced by vorticity ele-
ments, which, along with moving vortices, can be treated similarly
by the Biot–Savart law.

The acoustic equation in the outer region, after the Fourier trans-
form, becomes a Bessel equation, whose outgoing wave is repre-
sented by a Hankel function. Therefore, none of the unresolved
complications in computational aeroacoustics appear. The remain-
ing task is to match the two regions and to perform the inverse
Fourier transform to return to the physical space.

Method of Validation
To gain con� dence in using asymptotic matching to solve aeroa-

coustic problems, a simple problem of acoustic radiation by an os-
cillating circular cylinder is � rst examined. In this case, a term-by-
term comparison between the analytical and asymptotic solutions
can be made without recourse to numerical results. Although this is
a simple example, the matching procedures for more complicated
problems are the same. Therefore, more details than necessary are
given in the following to lessen explanations for vortex interaction
problems later.

Inner Solution and Its Fourier Transform
The motion of an oscillating circular cylinder is expressed

as NUC exp.i N!C Nt/, whose normal component on the surface is
NUC exp.i N!C Nt/ cos µ . Thus, the velocity potential is

NÁ D ¡ NUC . Na2=Nr/ exp.i N!C Nt/ cos µ

where NUC is the amplitude of oscillating velocity, Na the radius of
the cylinder, N!C the angular frequency, Nr the radial distance, Nc the
speed of sound, and Nt the time. For small oscillations, the linearized
Bernoulli equation is valid and gives the perturbed pressure in the
inner region as
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p0
i D ¡ @Á

@t
D

i!C MC

R
cosµ exp.i!C t/ (1)

The symbols in this equation refer to dimensionless quantities
and are de� ned as follows:

p0
i D Np0= N½0

NU 2
C ; Á D NÁ= NUC Na; !C D N!C Na= NUC

r D Nr=Na; R D MCr; MC D NU=Nc; t D Nt NUC =Na

By application of the Fourier transform pair to Eq. (1),

Of .R; !/ D
Z 1

¡1
f .R; t/e¡i!t dt

f .R; t/ D 1

2¼

Z 1

¡1

Of .R; !/ei!t d! (2)

to give

Op0
i D

i!C MC

R
cos µ

Z 1

¡1
exp[¡i.! ¡ !C /t ] dt

D
i2¼!C MC

R
cos µ±.! ¡ !C/ (3)

where ±.! ¡ !C / denotes the ± function.

Outer Equation and Its Solution
As mentionedearlier, there is anoutercharacteristiclength,which

is much larger than the body length. This length can now be used to
rescale the coordinates in the outer region to give

X D MC Nx=Na; Y D MC Ny=Na

With the rescaled coordinates held � xed and letting the Mach
number tend to zero, the governingequation reduces to the classical
acoustic equation. Its form in the polar coordinates becomes

@2 p0
0

@ R2
C 1

R

@p0
0

@ R
C 1

R2

@2 p0
0

@µ 2
¡

@2 p0
0

@t 2
D 0 (4)

where the subscript0 refers to the perturbed p in the outer region. In
view of the inner solution in Eq. (1), the outer solution is assumed
to be of the form

p0
0 D q0.R; t/ cos µ (5)

On substitution of this expression in Eq. (4), and on application
of the Fourier transform, it becomes

d2 Oq0

dR2
C 1

R

d Oq0

dR
C

³
!2 ¡ 1

R2

´
Oq0 D 0 (6)

This is the Bessel equation of the � rst order, whose solution for
the outgoing wave is the Hankel function of the second kind and is
given by

Op0
0 D AH .2/

1 .!R/ cos µ (7)

where A is the unknown coef� cient to be determined by matching.

Matching and Inverse Transform
Equation (7) is to be matched with the inner solution Eq. (3) by

the method of asymptotic matching.14 With the aid of Ref. 16 for
R ! 0, Eq. (7) reduces to

Op0
0

»D .i A=¼/.2=!R/ cos µ (8)

Comparing this expression with Eq. (3) gives

Op0
0 D ¼ 2 MC !C! ±.! ¡ !C /H .2/

1 .!R/ cos µ (9)

The inverse transform of Eq. (9) is

p0
0 D 1

2¼

Z 1

¡1
Op0

0e
i!t d! D ¼ MC !C

2
cos µ

£
Z 1

¡1
!±.! ¡ !C /H .2/

1 .!R/ei!t d!

D
¼ MC !2

C

2
cos µ H .2/

1 .!C R/ei!C t (10)

This expression represents the far-� eld sound pressure radiated
from the oscillating cylinder and is equivalent to the analytical so-
lution of Eqs. (2–69) in Ref. 4. For the purpose of comparison, the
denominator in Eqs. (2–69) has to be approximated by its limiting
form for a small argument16 because of the assumption of the small
compactness ratio.

Formulation of Problem in Inner Region
Becausethe � owin the innerregionis incompressible,its complex

potential is

W D 8 C i9 D
MX

m D 1

i°mdsm

2¼
log.z ¡ zm /

C
NX

j D 1

i0 j

2¼
log.z ¡ z j / C z (11)

where z D x C iy represents a � eld point in the � ow� eld; zm D
xm C iym refers to the midpoint in the surface vorticity element
sm , whose vorticity strength per unit length is °m ; and dsm is the
length of this element (Fig. 1). The symbol z j D x j C i y j refers to
the location of 0 j . The vorticity strengths °m and 0 j are de� ned to
be positive when clockwise in accordance with Lewis’s15 conven-
tion. The � rst group of terms refers to M surface vorticity elements
of unknown strengths and the second group to N free vortices of
given strengths. The last term denotes the complex potential of the
freestreamvelocity.All quantitiesare dimensionlessand are de� ned
in a similar manner as for Eq. (1). The characteristic length here is
the longitudinallength of the body NL , and the characteristicvelocity
is the freestream velocity NU0 .

The derivative of W with respect to z gives the � eld velocity
components u and v in the x and y directions, as follows:

u.x; y/ D
MX

m D 1

°mdsm

2¼

y ¡ ym

.x ¡ xm/2 C .y ¡ ym/2

C
NX

j D 1

0 j

2¼

y ¡ y j

.x ¡ x j /2 C .y ¡ y j /2
C 1

v.x; y/ D ¡
MX

m D 1

°m dsm

2¼

x ¡ xm

.x ¡ xm /2 C .y ¡ ym /2

¡
NX

j D 1

0 j

2¼

x ¡ x j

.x ¡ x j /2 C .y ¡ y j /2
(12)

The freestream velocity is assumed to be always parallel to the
x direction.Thus, the angle of attack of a body is the angle between
the x axis and the blade chord.

As the � eld point x and y approachesthe surface point xmand ym ,
Eqs. (12) reduce to Eqs. (13). The solutionof this systemdetermines
the unknowns °m :

1
2¼

MX

m D 1;m 6D n

°mdsm Kb.sn; sm / C °n

³
1

4¼

dsn

Rn
¡ 1

2

´

D ¡ 1

2¼

NX

j D 1

0 j Kv .sn ; z j / ¡ cos µn

Fig. 1 Surface vorticity elements on a two-dimensional body.
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where n D 1; : : : ; M ,

Kb.sn; sm / D .yn ¡ ym / cos µn ¡ .xn ¡ xm/ sin µn

.xn ¡ xm /2 C .yn ¡ ym /2

Kv.sn; s j / D .yn ¡ y j / cos µn ¡ .xn ¡ x j / sin µn

.xn ¡ x j /2 C .yn ¡ y j /2
(13)

Here, Kb.sn ; sm / and Kv .sn ; s j / are two in� uence coef� cients rep-
resenting the tangential velocity components at sn induced by other
vorticity elements and by free vortices, respectively. The symbol
Rn is the radius of curvature at sn and µn is the tangential angle
(Fig. 1). The second term in the � rst equation accounts for the self-
induced velocity of °n at element sn (Ref. 15).

Equations (13) are a system of M linear equations for M un-
knowns,which can be solvedby any standardmethod.The Gaussian
elimination method was used for every example shown here.

With the quantities °m determined, the convective velocities for
vortex 0k are known and are given by

dxk

dt
D uk;

dyk

dt
D vk

For a system of N vortices, there are 2N such equations whose
solutionsgive thevortex trajectories.A second-ordermethod is used
for time evolution from t to t C 1t:

xk .t C 1t/ D xk.t/ C 1
2 [3uk.t/ ¡ uk .t ¡ 1t/]1t

yk.t C 1t/ D yk .t/ C 1
2 [3vk.t/ ¡ vk .t ¡ 1t/]1t (14)

At each time step, uk and vk must be updated by solving
Eqs. (12–14) anew. The time step 1t is generally determined by
comparing two solutions, one obtained with 1t and the other with
1t=2. If the agreement is reasonablygood, the time step 1t is cho-
sen; otherwise the process continues. It turned out that 1t D 0:0125
was adequate for every case in this study, and it is used for most of
the computationshere. If a vortex comes very close to the blade, the
accuracy of Martensen’s surface vorticity method may deteriorate
as amply demonstrated by Lewis.15 However, this is not a concern
in the present investigationbecause none will be very near.

Inner Solution and Its Fourier Transform
Unlike an oscillatingcylinder, which is always unsteady, the po-

tential � ow solution for body–vortex interaction involves a steady
part. This part can be neglected because a steady motion gener-
ates no sound. Therefore, only the unsteady part of the pressure
will be considered.This is accomplishedby means of the linearized
Bernoulli equation

p0
i D p ¡ p0 D ¡DÁ 0

Dt
(15)

where Á 0 refers to the unsteady part of the velocity potential and
D=Dt is the time rate of change in a coordinatesystem moving with
the undisturbed � uid velocity.

For lifting bodies with temporal loading, vortices will be shed
continuously.There are large numbers of mutually interacting vor-
tices in the � ow� eld, all ofwhichare similar. It is, therefore,possible
to use one term to represent the entire group, and Eq. (11) becomes

W D 8 C i9 D
MX

m D 1

i°mdsm

2¼
log.z ¡ zm /

C
i01

2¼
log[z ¡ .t C zct C z1/] C z (16)

where zct denotes the initial location of a vortex, which is either far
upstream of the blade or immediately behind the trailing edge for
a nascent vortex just being shed. This is invariant with time. The
term t C zct refers to the position of a vortex at time t convectedby
the freestream velocity U0.U0 D 1/ in the absence of the body and
is steady. The term z1 is the perturbed position of the vortex at time
t relative to the unperturbed position, t C zct . Thus, only the terms
°m and z1 in this equation are time dependent.

After exclusion of the steady part, Eq. (16) becomes

W 0 D
MX

m D 1

i°m dsm

2¼
log

µ
z

³
1 ¡

zm

z

´¶
C

i01

2¼
log

µ
1 ¡

z1

z

¶
(17)

Expanding this equation for jzm =zj ¿ 1 and jz1=zj ¿ 1 and de� n-
ing z D r exp.iµ /, where µ is the angle of the receiver relative to the
positive x axis and zm D ±m exp.iµm/, one obtains

W 0 D
MX

m D 1

i°m dsm

2¼

µ
log r Ciµ¡ ±m

r
exp[i.µm ¡ µ/]

¶
¡

i01

2¼

z1

z
C ¢ ¢ ¢

(18)

in which only the � rst-orderunsteady terms are retained.This equa-
tion, as written, is valid for nonlifting bodies only, where the terms
involving log r and µ are zero because, with no circulation around
bodies,

MX

m D 1

°mdsm D
I ³

@Á

@s

´
ds D 0

For lifting bodies, the Kutta condition is imposed, resulting in
vortex sheddingand the cancellationof the singular terms involving
log r and µ in Eq. (18). In an inviscid � uid the circulation must be
conserved. Thus, an incident vortex introduced in the upstream is
accompanied by a vortex of opposite sense somewhere at in� nity.
The same argumentholds true for the boundcirculationfor an airfoil
at an angle of attack. In other words, Kelvin’s circulation theorem
must be true for a large closed curve surrounding the whole system
in the entire history of the motion. It follows that

0b C 01 C k2 C k3 C ¢ ¢ ¢ D 0
.0/

b C 01 (19)

In this equation, 0
.0/

b is the bound circulation of the blade under
an angle of attack without the incident vortex and is a constant.
For a symmetric body without the angle of attack, 0

.0/

b is zero. 0b

is the bound circulation at a later time in the presence of vortices,
irrespective of the angle of attack because induced velocities can
create a local angleof attack.Dependingon positionsof the incident
vortex and the shed vortices, the value of 0b changes with time. For
a single blade, one vortex is shed after each computational step and
is placed at a distance of 1t=2 directly behind the trailing edge.
Thus, the symbols k2; k3; : : : , refer to vortices shed sequentially in
time. Note that the quantity 01 , the strength of the incident vortex,
appears on both sides of the equation.

Although the trailing-edge condition in an unsteady � ow is still
under investigation,17 imposing it in some form is essential so that
the � uid leaves the trailing edge smoothly. For a straight wake,
the static pressure at the trailing edge from the upper and lower
surfaces must tend to the same value. Gostelow’s discussion about
this condition, based on Taylor’s and Preston’s work, can be found
in Ref. 18. The circulation theorem, Eq. (19), together with this
trailing-edgecondition can lead to a unique solution. To implement
this procedure, Wilkinson’s method 2, stated in Ref. 15, is used.

As mentionedearlier, there is a singularityin Eq. (18) for a lifting
body. This singularitycan be removed by means of Eq. (19). To this
end, Eq. (18) is rewrittenas follows,with the shed vortices included:

W 0 D
MX

m D 1

i°m dsm

2¼
log

µ
z

³
1 ¡
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z

´¶
C

i01

2¼
log

µ
1 ¡

z1

z

¶

C
ik2

2¼
log

µ
z

³
1 ¡

z2

z

´¶
C

ik3

2¼
log

µ
z

³
1 ¡

z3

z

´¶
C ¢ ¢ ¢

(20)

After the circulation theorem is imposed and the expansion
performed, this equation reduces to

W 0 D ¡
MX

m D 1

i°m dsm

2¼

±m

r
exp i.µm ¡ µ/ ¡

i01

2¼

z1

z

¡
ik2

2¼

z2

z
¡

ik3

2¼

z3

z
¡ ¢ ¢ ¢
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By meansof the lineariziedBernoulli equation,theunsteadypres-
sure due to the body–vortex interaction in the inner region becomes

p0
i D

MX

m D 1

@°m

@¿

dsm

2¼

±m

r
sin.µ ¡ µm/

C 01

2¼r

³
Dx1

D¿
sin µ ¡ Dy1

D¿
cos µ

´

C
k2

2¼r

³
Dx2

D¿
sin µ ¡ Dy2

D¿
cos µ

´
C ¢ ¢ ¢ (21)

where r and µ denote, as before, the radial distance and angle from
the origin to the observer. The quantity @°m =@¿ is the time rate of
change of surface vorticity per unit length at a � xed point, whereas
Dx1=D¿; Dx2=D¿; : : : are the total derivatives, the differences of
vortex positions observed in a coordinate system moving at the
freestream speed. Because the observer is stationary but vortices
are in motion, r and µ will change with time, except those mea-
sured from the surface vorticity elements to the observer. However,
because interactionsbecome important only when vortices are near
the blade, it is, therefore,assumed that these variable r and µ can be
approximated by the � xed r and µ from the origin to the observer.
The error incurredin this approximationis small becausethe present
concern is with the far-� eld noise.

It is assumed that one vortex is shed from each trailing edge after
each time step. Thus, there will be two or more trails of wakes for a
systemwith two or more blades.The problemof � ndinga uniqueso-
lution once again appears. Under the assumption of straight wakes,
the trailing-edgecondition stated before is valid for each individual
blade separately, which implies that one Eq. (19) corresponds to
each blade. At � rst glance, it appears that this procedure decouples
blades in the system. The coupling still exists, except that it is now
through the applicationof Wilkinson’s method (see Ref. 15), which
requires solving simultaneous equations. Some unknowns in these
equations are 0b in Eqs. (19), which are coupled. A physical inter-
pretation may also lend support to this argument. When blades are
far apart, it is reasonableto assume thatvortexsheddingof one blade
is independent,or nearly so, from other blades.As they move closer,
sheddingremains independentexceptthat the boundcirculationsare
now coupled.

Applying the Fourier transformation to Eq. (21) gives the trans-
formed p0

i

Op0
i D

M0

2¼

MX

m D 1

dsm±m

R
sin.µ ¡ µm /

Z 1

¡1

@°m

@¿
e¡i!¿ d¿

C 01 M0

2¼

"
sin µ

R

Z 1

¡1

Dx1

D¿
e¡i!¿ d¿ ¡ cos µ

R

Z 1

¡1

Dy1

D¿
e¡i!¿ d¿

#

C
k2 M0

2¼

"
sin µ

R

Z 1

¡1

Dx2

D¿
e¡i!¿ d¿

¡ cosµ

R

Z 1

¡1

Dy2

D¿
e¡i!¿ d¿

#
C ¢ ¢ ¢ (22)

where M0 is the freestream Mach number and R D M0r .

Outer Solution, Asymptotic Matching,
and Inverse Transform

The proper form of the governing equation in the outer region is
the convective wave equation

@2 p0
0

@x2
C

@2 p0
0

@y2
¡ M 2

0

D2 p0
0

Dt 2
D 0

where D=Dt D @=@t C @=@x . This equation can be transformed to a
form similar to the classical acoustic equation

@2 p0
0

@x 0 2
C @2 p0

0

@y0 2
¡ @2 p0

0

@t 0 2
D 0

by referring x 0 to M0x, y 0 to M0 y, and t 0 to t and letting M0 ! 0,
while holding x 0 and y 0 � xed. For instance, the classical acoustic
equationwas also used by Conlisk and Veley10 for the noise genera-
tion by the motion of vorticesover a step. Thus, the governingequa-
tion in the outer region in this study is still Eq. (4). The solution of
this equation is suggestedby the inner solutionand is assumed to be

p0
0 D

MX

m D 1

pm .R; t/ sin.µm ¡ µ/

C [p1s.R; t/ C p2s.R; t/ C ¢ ¢ ¢] sin µ

C [p1c.R; t/ C p2c.R; t/ C ¢ ¢ ¢] cos µ (23)

where pm ; p1s; p1c; p2s; p2c; : : : ; are functions to be determined.
Substituting Eq. (23) into Eq. (4) and performing the Fourier trans-
form results in a set of ordinary differential equations, all of which
are of the form of Eq. (6), whose solutions for outgoing waves are
the Hankel functions of the second kind. Thus, Eq. (23) becomes

Op0
0 D

MX

m D 1

Am H .2/

1 .!R/ sin.µ ¡ µm /

C .A1s C A2s C ¢ ¢ ¢/H .2/

1 .!R/ sin µ

C .A1c C A2c C ¢ ¢ ¢/H .2/

1 .!R/ cos µ (24)

where Am; A1s ; A1c; : : : ; are the unknown coef� cients to be de-
termined by matching. For example, Am are the coef� cients for the
surfacepressure � uctuations, A1s and A1c are for the moving vortex,
and the remaining ones are for the shed vortices.

The steps for matching are the same as for the oscillatingcylinder.
When this is done, Eq. (24) becomes

Op0
0 D ¡

i M0!

4

MX

m D 1

dsm ±m sin.µ ¡ µm /H .2/
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¡
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1 .!R/

"
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Z 1

¡1

Dx1

D¿
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Z 1

¡1

Dy1

D¿
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#
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ik2 M0!
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1 .!R/
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"
sin µ

Z 1

¡1

Dx2

D¿
e¡i!¿ d¿ ¡ cosµ

Z 1

¡1

Dy2

D¿
e¡i!¿ d¿

#
¡ ¢ ¢ ¢

where k2; k3; : : : ; refer to the strengths of shed vortices and are
zero for nonlifting bodies. This equation, after the inverse Fourier
transform, yields the acoustic pressure in the far � eld

p0
0 D ¡

i M0

8¼
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m D 1

dsm±m sin.µ ¡ µm /

£
Z 1

¡1
!H .2/

1 .!R/ei!t d!
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¡1
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e¡i!» d»

¡
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8¼
sin µ

Z 1
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!H .2/
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e¡i!» d»

C
i01 M0
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¡1

Dy1
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e¡i!» d»

¡
ik2 M0
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(25)

It represents the time history of the far-� eld sound pressure from
far upstreamto the end of computation.However, its value becomes
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appreciable only in the short interval when the vortex is near the
body. Outside of this range, the medium is essentially silent. This
propertyof fastdecaycan also be seen in the linear theoryofHowe.19

Discrete Fourier Transform
At � rst glance, it appears uncertain whether the function in the

inverse transform is absolutely integrable because !H .2/

1 .!R/ in
Eq. (25) approaches !1=2 as ! ! 1. However, the fast decay of
vortex interaction terms, such as

Z 1

¡1

@°m

@»
e¡i!» d»

approaches 1=!2 at in� nity. Thus, the function as a whole is abso-
lutely integrable. The remaining work is to evaluate these integrals
numerically by means of the discrete Fourier transform. The accu-
racy of this procedurehas been assessedby comparingto Crighton’s
analytic results.7 More details can be found in Ref. 20.

Results and Discussion
In general, for any numerical computation, comparison with

experimental data, if available, is essential. However, due to the
scarcity of available data, no meaningful comparison seems possi-
ble. The only experiment found so far is Booth’s.21 Because his test
conditions were very different from the computational ones, only
an order-of-magnitudecomparison is attainable.Such a comparison
was shown graphicallyin Ref. 20 along with variationsbetween test
and computation.

Single Blade
To illustrate the interference mechanism, four examples were

computed, two of which are plotted in Fig. 2. As seen, these are
merely the far-� eld acoustic pressures created by a moving vortex
passed above a symmetric airfoil (NACA-0012). The only differ-
ence between these two is the direction of rotation. A negative vor-
tex (negative when counterclockwise in accordance with Lewis15)
gives rise to the negative sound pressure, whereas a positive vortex
(clockwise rotation) gives rise to the positive sound pressure. The
other two examples, not shown, are the counterparts of these two,
in which the moving vortex passed below the airfoil. The relation-
ship between the direction of rotation and the sign of the acoustic
pressure for these two examples is also the same, except for a slight

a) C = –0.1

b) C = 0.1

Fig. 2 Time history of sound generation by an NACA-0012 airfoil with
a vortex passing above, xv = –5.0, yv = 0.1.

difference in magnitude. Because the acoustic pressure can either
be positive or negative, interference is now attainable.

The observer in these four examples is directly above the blade
at a distance of 50 chord lengths from the leading edge, which is
the origin of the coordinate system, and at 90 deg from the positive
x axis (the direction of freestream). The freestream Mach number
is 0.2. The initial position of the vortex is 5 chord lengths upstream
of the leading edge in the x direction and §0:1 chord lengths in the
y direction.Because the blade is symmetric, the calculatedpressure
in Fig. 2a is equivalent to that of a positive vortex passed below the
blade with the observer situated below the blade. Note that most
of these input parameters remain unchanged throughout the com-
putation. For instance, r D 50; µ D ¼=2; M0 D 0:2, and xv D ¡5:0,
except where stated otherwise.

In computationswith liftingbodies,wakesalwaysoccurdue to the
local angles of attack brought about by the induced velocities, even
though blades are parallel to the freestream. Thus, in the examples
of Fig. 2, a part of the solution is the trail of shed vortices (wake),
though these are not shown here. (An example of the wake pattern
will be shown later.) The presence of the wake causes the vortex
trajectories to bend slightly, which can be seen here as well as in
later � gures.

To present a more complete picture, the directivity pattern for
Fig. 2a is shown in Fig. 3a and is seen to be akin to that of a dipole.
Figure 3a appears to be symmetric. The reason why this is so is
not clear, but it may be due to the circumstances that the body

a)

b)

c)

d)

Fig. 3 Directivities for a) Fig. 2a, b) Fig. 6a, c) Fig. 6b, and d) Fig. 7a.
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is symmetric and the noise from the wake and the vortex itself
is insigni� cant. The patterns for other three examples are similar
and will not be given. The directivities here are the standard polar
diagrams with the rms pressuresas the radial distances.The sample
time for the rms is somewhat arbitraryand was taken to be the range
where the sound pressure is visually discernible. The origin of the
coordinates is at the leading edge of the blade or at the leading edge
of the upper blade, if two blades are present.

Knowing the occurrenceof sound pressureof opposite signs, one
can take advantage of this property to reduce noise. In an ideal
situation, such as that in Fig. 4a, the cancellation is complete and
sound is absent. Normally, even if there is no sound produced by
the surface, the wake, if it exists, can still generate sound of very
low intensity. In this case of total destructive interference,the Kutta
condition is automatically satis� ed and there is no wake.

For the complete destruction to occur, the blade has to be sym-
metric and vortices of equal magnitude, opposite sense, and at an
equal distance from the blade. They also must pass the blade con-
currently.The last condition of concurrentarrival is a very stringent
requirement. In other words, the initial positions of these two vor-
tices must be equal horizontally. If, instead of two isolated vortices,
there are two streams of closely packed vortices, some of them will
probably arrive almost concurrently.

Two vortex paths in Fig. 4a are symmetric with respect to the
blade. This is essential for the total destruction; otherwise only a
partial destruction is attainable.For instance, Fig. 4b is an example
of a partial destruction in which the lower vortex path is 1.5 times
farther from the chord than the upper path. The attenuation is still
substantial, and it is more evident when the directivity, not shown,
is plotted.

Thus far, the strengths of both vortices are equal. This need not
be the case and can be shown numerically.In fact, when the strength
of the lower vortex in Fig. 4b is reduced, the attenuation increases.

The preceding are two examples with two incident vortices, one
on each side. In the following,examplesare givenwith both vortices
on the same side of the blade.This is to demonstratethat the primary
reason of noise attenuation is the presence of a pair of vortices of
opposite sense, regardless of which side of blade. Moreover, the
angle of attack need not be zero (Fig. 5a).

The attenuation in Fig. 5a is considerable. This is mainly due
to the small separation distance between two vortices and not to
the angle of attack. If this distance decreases further, destructive

a)

b)

Fig. 4 Time history of acoustic interference: a) complete destruction,
C = –0.1 and yv = 0.1, C = 0.1 and yv = –0.1 and b) partial destruction,
C = –0.1 and yv = 0.1; C = 0.1 and yv = –0.15. (Upstream positions of
these vortices are at xv = –5.0.)

a)

b)

Fig. 5 Time history of acoustic interference: a) partial destructive in-
terference with angle of attack = 5 deg, C = 0.1 and yv = 0.03; C = –0.1
and yv = 0.12 and b) constructive interference, C = –0.1 and yv = 0.1; C =
–0.1 and yv = 0.18. (Upstream positionsof these vortices are at xv = –5.0.)

interference also will be larger. Another example is the one shown
in Fig. 5b, where a pair of vortices of same sense convected by
the freestream while rotating about their centroid. Based on the
earlier assumption that attenuation is the result of two vortices of
opposite sense, one may anticipate a twofold increase in noise in
Fig. 5b as compared with Fig. 2a. This is, however, not the case.
The reason may be that the blade–vortex interaction for a rotating
pair is suf� ciently complex that it cannotbe explainedby the simple
addition. The evidence here and elsewhere indicates that a pair of
spinning vortices acts somewhat like a single vortex as far as sound
productionis concerned.(A pairof spinningvorticesproducessound
by itself,6 but the intensity is low and cannot be easily discerned
here.)

Two or More Blades
Because the present method is not limited to a single body, at-

tention is now given to vortex interactions involving two or more
blades with two or more incident vortices. First consider a pair of
stacked blades, which is somewhat like a two-dimensionalchannel.
If the gap between them is suf� ciently large and there is only one
incident vortex moving through the channel, the interference from
the other blade is usually small. If there are two incident vortices in
the channel as in Fig. 6a, the characteristics of the sound pressure
can be ratherunexpected.For instance, the soundpressure in Fig. 6a
received at µ D ¼=2 is nearly zero. At � rst glance, one may think
that this is a case of complete destructive interference, but one will
soon � nd out that this is not the case after seeing the directivity
diagram in Fig. 3b. The overall intensity is actually increased, but
the directivity pattern has rotated 90 deg with the minimums in the
vertical directionwhere the signal is received.However, attenuation
is still possible by simply shifting the lower vortex upward as illus-
trated in Fig. 6b. The acoustic pressure in Fig. 6b is decomposed
into two parts: one from the upper surface and the other from the
lower surface. (In earlier � gures,only the totalacousticpressurewas
plotted.) These two parts are plotted separately, so that the interfer-
ence can be seen. Because of this interference, the overall intensity
is smaller and the directivity pattern is different (Fig. 3c).

A further reductionof sound generation is possible, if two blades
form a divergentlike channel as in Fig. 7a. The geometry of the
blades is the same as before, except for the outward rotations of
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a)

b)

Fig. 6 Time history of acoustic interference by two stacked NACA-
0012 airfoils: a) C = –0.1 and yv = –0.12; C = 0.1 and yv = –0.88 and b)
decompositionof acoustic pressure, C = –0.1 and yv = –0.12; C = 0.1 and
yv = –0.72; ——, acoustic pressure from the lower blade; – – – , acoustic
pressure from the upper blade. (Upstream positions of these vortices
are at xv = –5.0.)

Fig. 7a Time history of sound generation by two blades forming a
divergent channel; vortex strengths and upstream positions identical to
those in Fig. 6b.

Fig. 7b Snapshot of wakes behind two blades in Fig. 7a.

5 deg. The upstream positions for two incident vortices in this case
are also the same as in Fig. 6b. Because two blades rotate outward
and the vortex-to-bladedistancesbecome larger, reduction in sound
intensity is expected. The extent of reduction as shown in Fig. 3d is
not foreseen.

Before proceeding any further, it is time to include a snapshot
of the wake formation behind the blades. As mentioned earlier, the
trailing-edgeconditionis imposed in computationswith lifting bod-
ies.Therefore,wakes, thoughnotplotted,are a part of solutions.The
con� gurationin Fig. 7b shouldbe a part of the insert in Fig. 7a. In the
present formulation, and for the convenience of bookkeeping, one

a)

b)

Fig. 8 Two examples of acoustic interference: a) two like-signed vor-
tices, yv = –0.12 and yv = –0.88 ( C = –0.1 and xv = –5.0 for both vortices)
and b) staggered case, C = –0.1 and yv = –0.12; C = 0.1 and yv = –0.63.
(Both upstream positions are at xv = –5.0.)

vortex is shed from each trailing edge at every time step, regardless
of its strength. For instance, when the incident vortex is far from
the body, the circulation around a large closed curve is essentially
invariant, and yet the trailing-edge condition is still imposed and
vortices are still shed. The strengths of these vortices are nearly ze-
ros, which manifest as straight lines in Fig. 7b. The curved portions
are created while vortices pass near the blades.

The gap between two stacked blades plays also a signi� cant role
and cannot be ignored. In general, narrowing the space can reduce
thenoise level, thoughgenerallysmall,butwideningthegapcan lead
to an increase in noise level, sometimes signi� cantly. It is also pos-
sible that repositioningvortex trajectories can lessen the intensity.

As anticipated, a pair of like-signed vortices convected through
the space between two stacked blades will cause an increase in
intensityas depicted in Fig. 8a, whose directivity is given in Fig. 9a.
Even in this case, shifting vortex trajectories is an effective means
for noise reduction.

For stackedblades, there is also the effect of staggering(two lead-
ing edges are not aligned vertically), which may turn out to be fairly
large. This is somewhat equivalent to the nonconcurrent arrival of
two vortices.An example is shown in Fig. 8b with its directivitypat-
tern in Fig. 9b. The intensity level is now greatly increased.Besides
the usual method of shifting vortex paths, one could reduce the size
of the lower blade in this case to lessen the noise. The reduction is
only moderate (Fig. 10a).

As the observer moves farther away from the interaction, the re-
ceivedsound is expected to decrease.The relationshipis not exactly
linear as can be seen in Eqs. (10) and (25). To see this effect,Fig. 10b
is included, in which the observer is 100 chord lengths from the ori-
gin, as opposed to Fig. 10a, where the observer is 50 chord lengths
away.

In the preceding examples, only the blades were stacked, but not
the vortices. In the following, we propose to consider two cases of
total stacking in the sense that both blades and vortices are stacked,
as in Figs. 11, for a two-blade and a three-blade system. To see
the differencebetween these two, Fig. 11a is � rst calculated,whose
directivity is given in Fig. 9c. The noise intensity is higher than that
in Fig. 2a, but it is not a twofold increase. The relationship is again
not linear, which also can be seen by comparing Figs. 11b and 9d
with Figs. 11a and 9c.

Increasing the number of blades and vortices inde� nitely results
in a cascade. A cascade is an in� nite array and cannot be normally
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a)

b)

c)

d)

Fig. 9 Directivities for a) Fig. 8a, b) Fig. 8b, c) Fig. 11a, and d) Fig. 11b.

Fig. 10a Vortex strengths and upstream positions identical to those in
Fig. 8b, except with a smaller lower blade.

Fig. 10b Conditions identical to Fig. 10a except observer’s distance =
100.0 instead of 50.0.

a)

b)

Fig. 11 Comparison of acoustic pressures between two- and a three-
blade system. Vortex strengths, upstream horizontal distances, and the
space between two blades are identical in both cases ( C = –0.1, xv = –5.0,
and space = 0.75): a) yv = 0.12 and yv = –0.63 and b) yv = 0.12, yv = –0.63,
and yv = 0.87.

viewedas a compactbody.However,ifoneagreeswith theviewpoint
that a single blade in a computational domain, with appropriate
periodic conditions, can represent a cascade, a cascade could now
be considereda compact body, and the aforementionedformulation
can be adopted. It so happens that the sound generation by in� nite
movingvortices in a cascadeis more tractablethan those just shown.
In fact, an analyticsolutioncanbe found.Detailsaregiven in Ref. 20.

Nonlifting Bodies
In all earlier cases, only liftingbodies were been studied. It would

be of interest to give two examples similar to earlier cases but with
nonlifting bodies. In these cases there will not be any wake, and
there is no need to impose the trailing-edge condition. However, it
was found that the calculated circulation around the body, though
small, was not, in general, zero. This discrepancyhas to be removed
because if the circulation is not zero, the singularity in Eq. (18)
will prevail, which will then have a detrimental effect on the sound
production. To impose this zero circulation condition, a procedure
similar to Wilkinson’s method2 (see Ref. 15) for the Kutta condition
was employed.

The � rst example is similar to Fig. 2a and is shown in Fig. 12a.
Note that there is no high peak in the sound production, and the
overall intensity is considerably lower than that in Fig. 2a. The
second example is similar to that in Fig. 5a. Here, the destructive
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a)

b)

Fig. 12 Time history of acoustic pressure from two nonlifting bodies:
a) vortex strength and upstream position identical to those in Fig. 2a
and b) C = –0.1 and yv = 0.1; C = 0.1 and yv = 0.2. (Upstream positions
are at xv = –5.0.)

interference is obvious and is more effective than that for a lifting
body. These two examples seem to indicate that if a lifting body
can be replaced by a nonlifting body, the noise production by vor-
tex interaction will be markedly lower. Although not evident, the
geometry of this nonliftingbody bears similarity to an NACA-0012
airfoil in the sense that it is essentially formed by two front halves
of the airfoil. Its thickness is also approximately equal to 12% of
the length.

Conclusions
The results of this study may be summarized as follows:
1) A procedure is devised to examine the interaction of multi-

ple bodies with multiple vortices, a prerequisite for sound wave
interference.

2) Undervariousconditions,it is demonstratedthat destructivein-
terferenceis a possiblemechanismforsuppressingnoiseproduction.

3) Based on numerical results, it appears that sound generation
by vortex interactionwith nonliftingbodies is much lower than that
with lifting bodies.
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